We propose an implementation of a generalized Su-Schrieffer-Heeger (SSH) model based on optomechanical arrays. The topological properties of the generalized SSH model depend on the effective optomechanical interactions enhanced by strong driving optical fields. Three phases including one trivial and two distinct topological phases are found in the generalized SSH model. The phase transition can be observed by turning the strengths and phases of the effective optomechanical interactions via adjusting the external driving fields. Moreover, four types of edge states can be created in generalized SSH model of an open chain under single-particle excitation, and the dynamical behaviors of the excitation in the open chain are related to the topological properties under the periodic boundary condition. We show that the edge states can be pumped adiabatically along the optomechanical arrays by periodically modulating the amplitude and frequency of the driving fields. The generalized SSH model based on the optomechanical arrays provides us a tunable platform to engineer topological phases for photons and phonons, which may have potential applications in controlling the transport of photons and phonons.
I. INTRODUCTION
In the past decades, rapid progress has been made in the field of optomechanical systems, in which a cavity mode is coupled to a mechanical mode via radiation pressure or optical gradient forces (for reviews, see Refs. [1] [2] [3] [4] [5] [6] ). With the advance in technology and the requirements for providing new functionality, the focus has been moved on from the simplest optomechanical systems, based on a single mechanical mode coupled to a single optical mode, to more complex setups which contain a few mechanical and optical modes, and are designed as a periodic arrangement of optomechanical systems, i.e., optomechanical arrays. Based on the current condition of experiment and technology, optomechanical arrays might be realized in coupled optical microdisks [7] [8] [9] [10] , on-chip superconducting circuit electromechanical cavity arrays [11] [12] [13] [14] , and optomechanical crystals [15, 16] .
In the past few years, quantum many-body effects in optomechanical arrays have attracted considerable attentions. Optomechanical arrays with parametric coupling between the mechanical mode and optical mode provide us a controllable platform to simulate quantum many-body systems and manipulate photons and phonons. Many interesting phenomena have been shown, such as controllable photon propagation [17, 18] , synchronization [20] [21] [22] , artificial magnetic fields for photons [23] , optically tunable Dirac-type band structure [24] , Anderson localization of hybrid photonphonon excitations [25, 26] , and Kuznetsov-Ma soliton [27] . * Electronic address: davidxu0816@163.com † Electronic address: aixichen@ecjtu.edu.cn
Besides these, another exciting development is that the optomechanical arrays can be used to engineer topological phases for both photons and phonons [28] [29] [30] [31] [32] .
Most of the optomechanical arrays, which are used to demonstrate different topological phases and Chern insulators, are implemented in two-dimensional optomechanical crystals. However, two dimensional systems are not a necessary condition for engineering topological phases. The topological properties of photons and phonons can also be implemented in a much simpler platform, i.e., one-dimensional chain of optomechanical cavities. For example, in a recent work, Z 2 topological insulators were simulated via a onedimensional optomechanical array [33] .
It is generally known that the Su-Schrieffer-Heeger (SSH) model, introduced from polyacetylene [34] , is one of the simplest models to demonstrate topological characters in one dimension, and now it has been studied in many different settings, such as cold atoms and ions [35] [36] [37] [38] [39] , optical systems [40] [41] [42] [43] [44] , mechanical systems [45, 46] , plasmonic systems [47] [48] [49] [50] [51] [52] [53] , and superconducting circuit lattices [54] [55] [56] [57] [58] [59] [60] . In addition, ladder systems, which consist of two or more coupled SSH chains, have been discussed to demonstrate richer topological quantum phases [61] [62] [63] [64] [65] [66] .
In this paper, we study the topological properties of a one-dimensional optomechanical array, which can be mapped to the SSH model including three complex hopping amplitudes [67] , called the generalized SSH model. Differently from the standard SSH model, we find that there are three phases in this generalized SSH model, one is trivial and other two are distinct. It is worth mentioning that a SSH model consisting of three real hopping amplitudes was discussed in a recent reference [66] . Besides implementing with different systems [66] , we here show that the topological properties of
FIG. 1: (Color online) Schematic diagram of a generalized SSH model based on an optomechanical array. aj and bj denote the cavity and mechanical modes respectively, and they are coupled with three different hopping amplitudes Je iφ (bold black lines), v (thin green lines) and z (red dashed lines). The optomechanical array can be implemented by an array of coupled optical microdisks [7] [8] [9] [10] , on-chip superconducting circuit electromechanical cavities [11] [12] [13] [14] , and optomechanical crystals [15, 16] . the generalized SSH model depend on both the strengths and the phases of the hopping amplitudes, and topological phase transitions can be observed by tuning the strengths and phases of the effective optomechanical interactions via adjusting the external driving fields. What's more, four types of edge states can be found in generalized SSH model of an open chain under single-particle excitation, and the dynamical behaviors of the excitation in the open chain are related to the topological properties under the periodic boundary condition. We show that the edge states can be pumped adiabatically along the optomechanical arrays by periodically modulating the amplitudes and frequencies of the driving fields.
The remainder of this paper is organized as follows. In Sec. II, we show the theoretical model of a generalized SSH model based on optomechanical arrays. In Sec. III, we study the topological properties of the generalized SSH model and show that there are three phases, one is trivial and two are distinct. Moreover, we show that phase transitions can be observed by tuning the strengths of the optomechanical interactions. In Sec. IV, four types of edge states are introduced and the relation between the dynamical behaviors of singleparticle excitation in the open chain and the topological properties under the periodic boundary condition are discussed. In Sec. V, we demonstrate that the edge states can be pumped adiabatically along the optomechanical arrays by modulating the amplitudes and frequencies of the driving fields periodically. Finally, the results are summarized in Sec. VI.
II. THEORETICAL MODEL
We propose to implement a generalized SSH model by an optomechanical array with N cavity modes and N mechanical modes, which are coupled only by optomechanical interactions, without hopping of photons (or phonons) between neighboring cavity modes (mechanical modes). The Hamiltonian of the optomechanical array is ( = 1)
with
for the first cavity mode,
for the last cavity mode, and
for the jth cavity mode (1 < j < N ), where a j (a † j ) is the bosonic annihilation (creation) operator of the jth cavity mode (j = 1, 2, · · · , N ) with resonant frequency ω c,j , b j (b † j ) is the bosonic annihilation (creation) operator of the jth mechanical mode with resonant frequency ω m,j , and g j,0 (g j,± ) is the optomechanical coupling strength between the jth cavity mode and the jth mechanical mode (the (j±1)th mechanical mode). The jth cavity mode is driven by a three-tone laser at frequencies ω j,0 = ω c,j − ω m,j and ω j,± = ω c,j − ω m,j±1 with amplitudes Ω j,0 and Ω j,± in the well resolved sidebands regime (ω m,j ≫ {κ j , γ j }, where κ j is the decay rate of the jth cavity mode, and γ j is the damping rate of the jth mechanical mode).
To linearize the Hamiltonians in Eqs. (2)- (4), we can write the operator for each cavity modes as the sum of its classical mean value and quantum fluctuation operator as a j → α j (t) + a j . The classical part α j (t) can be given approximately as α j (t) ≈ α j,0 e iωj,0t + α j,+ e iωj,+t + α j,− e iωj,−t , where the classical amplitude α j,0 (α j,± ) is determined by solving the classical equation of motion with only cavity drive Ω j,0 (Ω j,± ) at frequency ω j,0 (ω j,± ). We assume that: (i) min[|α j,0 | , |α j,± |] ≫ 1, so that we can only keep the first-order terms in the small quantum fluc-
, such that the counter-rotating terms can be neglected safely; in the interaction picture with respect to H rot = N j=1 ω c,j a † j a j + ω m,j b † j b j , the linearized form of the interaction Hamiltonians in Eqs. (2)- (4) are obtained as 
where Je iφ ≡ g j,0 α j,0 , v ≡ g j,− α j,− , and z ≡ g j,+ α j,+ . Without loss of generality, we assume that J, v and z are real coupling strengths and the effect of the phase factor φ can be observed experimentally.
In summary, by substituting Eqs. (5)- (7) into Eq. (1), the linearized Hamiltonian for the optomechanical array in the interaction picture with respect to
as schematically shown in Fig. 1 . The linearized Hamiltonian for the optomechanical array shows a generalized SSH model with hopping amplitude z = 0 between the jth cavity mode and (j + 1)th mechanical mode. When the coupling strength z = 0, the Hamiltonian for the optomechanical array becomes the well-known SSH model [67] .
III. TOPOLOGICAL PHASE TRANSITION
To study the topological phase transition in the generalized SSH model, we set a periodic boundary condition, so the linearized Hamiltonian for one-dimensional optomechanical array can be redefined as
where mod stands for the modular calculation. By using the for Fourier transform for a j and b j as
then the Hamiltonian in Eq. (9) can be rewritten as
and
where k is the wavenumber in the first Brillouin zone. The dispersion relation of the generalized SSH model with periodic boundary conditions is given by
The winding number, which characterizes the topological invariant of an insulating Hamiltonian, is defined by [67] 
For the generalized SSH model with h (k) given by Eq. (13), the winding number is either 0 or ±1, depending on the parameters. When the phase factor φ = 0, see Fig. 2 , the winding number is:
The Hamiltonian for the generalized SSH model in the momentum space can be written in an alternative form as
where σ x , σ y , and σ z are the Pauli matrices, and
The winding number can also be obtained graphically by counting the number of times the loop winds around the origin of the d x , d y plane. We show the dispersion relation and the path that the endpoint of the vector d (k) traces out in Fig. 3 for v > z. As the wavenumber runs through the Brillouin zone, k = 0 → 2π, the path that the endpoint of the vector d (k) is a closed ellipse of long axis v + z and short axis |v − z| on the d x , d y plane, centered at (J, 0), and the endpoint rotates around the origin clockwise. It is clear that the winding number is W = −1 when z + v > J for z < v, and the winding number is W = 0 when z + v < J.
Two more figures about the dispersion relation and the path that the endpoint of the vector d (k) traces are shown in Figs. 12 and 13, given in the Appendix. In Fig. 12 , as v = z, the path of the endpoint of the vector d (k) becomes a straight line on the d x -axis. In Fig. 13 , as v < z, similarly to the case for v > z, the path of the endpoint of the vector d (k) is also a closed ellipse of long axis v + z and short axis |v − z| on the The above results are obtained under the condition for φ = 0. In Fig. 4 , we show that the topological phase transition can be induced by tuning the phase φ. For φ = 0, the path that the endpoint of the vector d (k) is centered at (J cos φ, J sin φ). The topological phase transition appears when E = 0, as shown in Fig. 4(b) , which gives the critical phase φ c as
where
As v > z, we have W = −1 for φ = 0 in Fig. 4(a) ; we have W = 0 for φ = 0.1 in Fig. 4(c) ; the winding number is not well-defined in the critical point for φ = φ c ≈ 0.04 as shown in Fig. 4(b) . The paths [see 
IV. EDGE STATES
We now study how to demonstrate topologically protected edge states in the optomechanical array of an open chain under single-particle excitation. To be specific, we choose an open chain of N = 8 for the optomechanical array, then the wave function for the Hamiltanion in Eq. (8) under single-particle excitation can be defined as
where P 2j−1 (t) = |c 2j−1 (t)| 2 and P 2j (t) = |c 2j (t)| 2 denote the occupying probabilities in the jth cavity mode and jth mechanical mode, respectively. For simplicity, we define P i (t) = |c i (t)| 2 with the position index i shown in Fig. 1 .
The energy spectrum of a generalized SSH model with N = 8 is shown in The probability distributions of the eigenstates, corresponding to the points marked out in Figs. 6(a) and 6(b) , are shown in Figs. 6(c)-6(f) . Apparently, the probability distributions of the eigenstates are localized. We define four edge states, i.e., left cavity (LC), left mechniacal (LM), right cavity (RC), right mechniacal (RM) edge states, as
where ξ > 0 is the localization length determined by the relative size of the hopping amplitudes v, z, and J. 
V. ADIABATIC PARTICLE PUMPING
As shown in the previous section, once an excitation is injected at one edge, it will stay there like a stationary state. However, we will show that it is possible to transfer the edge states from one to another by adiabatic pumping with periodically modulated optomechanical array with Hamiltonian as where u (t) is the detuning between the cavity modes and mechanical modes. The modulated optomechanical array can be realized by modulating the frequencies and strengths of the driving fields. First, we consider a smooth modulation sequence as
where, u(t) and J(t) are modulated periodically with amplitudes A/2 and A, and frequency ω; u(t) and J(t) are maintained constant.
The instantaneous spectrum of the Hamiltonian in Eq. (27) with time dependent pump sequence defined in Eq. (28) is shown in Figs. 8(a) and 8(b) . In Figs. 8(c)-8(f) , the probability distributions of eigenstates corresponding to the points shown in Figs. 8(a) and 8(b) , are approximately the edge states defined in Eqs. (23)- (26) as: Fig. 8(c) , LC edge state; Fig. 8(d) , RM edge state; Fig. 8(e) , RC edge state; Fig. 8(f) , LM edge state. When the adiabatic approximation holds, the system will stay in the same eigenstate. Fig. 8(a) shows how a LC edge state is adiabatically pumped to the RM edge state during a pumping cycle, in the mean while Fig. 8(b) shows how a RC edge state is adiabatically pumped to the LM edge state within a pumping cycle.
The dynamics of the probability distributions for an open chain with a time dependent pump sequence defined in Eq. (28) are obtained numerically. As shown in Fig. 9(a) , the excitation at the first cavity mode (LC edge state) quickly expands into the bulk, and then the probability refocuses on the N th mechanical mode (RM edge state) at the end of the first pumping cycle. In the second pumping cycle, the probability expands into the bulk again and refocuses on the first cavity mode (LC edge state) at the end of the second pumping cycle. Similarly, as shown in Fig. 9(b) , the excitation at the first mechanical mode (LM edge state) expands into the bulk and refocuses on the N th cavity mode (RC edge state) at the end of the first pumping cycle, and then the probability expands into the bulk again and refocuses on the first mechanical mode (LM edge state) at the end of the second pumping cycle. These results are well consistent with the instantaneous spectrum in the adiabatic limit, as shown in Fig. 8 . However, due to the Landau Zener transition occurs at the degenerate points ωt = 2nπ (n is positive integer), the periodical behavior of the probability distribution becomes less well-resolved in the following cycles.
As shown in Figs. 8 and 9, with time dependent pump sequence defined in Eq. (28), the LC edge state can be pumped adiabatically to the RM edge state, and the LM edge state can be pumped adiabatically to the RC edge state, and vice versa. However, the LC edge state can not be pumped adiabatically to the RC edge state, and the LM edge state can not be pumped adiabatically to the RM edge state. Now, we consider another smooth modulation sequence to realizing the adiabatical pumping between the the LC (LM) edge state and the RC (RM) edge state. The smooth modulation sequence is defined by
Here, u(t), v(t) and z(t) are modulated periodically with amplitudes A/2 and A, and frequency ω, while J(t) is maintained constant.
The instantaneous spectrum of the Hamiltonian in Eq. (27) with time dependent pump sequence defined in Eq. (29) is shown in Fig. 10(a) . In Figs. 10(b)-10(e) , the probability distributions of eigenstates corresponding to the points shown in Fig. 10(a) , are approximately the edge states defined in Eqs. (23)- (26) When the adiabatic approximation holds, the system will stay in the same eigenstate. Fig. 10(a) shows how a LC edge state is adiabatically pumped to the RC edge state during a pump- ing cycle, in the mean while, a LM edge state is adiabatically pumped to the RM edge state within a pumping half-cycle. The dynamics of the probability distribution for an open chain with a time dependent pump sequence defined in Eq. (29) are shown in Fig. 11 . In Fig. 11(a) , the excitation at the first cavity mode (LC edge state) quickly expands into the bulk, and then the probability refocuses on the N th cavity mode (RC edge state) at the end of the first pumping halfcycle. In the second pumping half-cycle, the probability expands into the bulk again and refocuses on the first cavity mode (LC edge state) at the end of the first pumping cycle. Similarly, as shown in Fig. 11(b) , the excitation at the first mechanical mode (LM edge state) expands into the bulk and refocuses on the N th mechanical mode (RM edge state) at the end of the first pumping half-cycle, and then the probability expands into the bulk again and refocuses on the first mechanical mode (LM edge state) at the end of the first pumping cycle. These results are consistent well with the instantaneous spectrum in the adiabatic limit, as shown in Fig. 10 . However, due to the Landau Zener transition occurs at the degenerate points ωt = nπ (n is positive integer), the periodical behavior of the probability distribution becomes less well-resolved in the following cycles. Overall, with time dependent pump sequence defined in Eq. (28), the LC edge state can be pumped adiabatically to the RM edge state, and the LM edge state can be pumped adiabatically to the RC edge state; with time dependent pump sequence defined in Eq. (29) , the LC edge state can be pumped adiabatically to the RC edge state, and the LM edge state can be pumped adiabatically to the RM edge state. Therefore, the four edge states can be pumped from one to another adiabatically with smooth modulation sequence.
VI. CONCLUSIONS
In summary, we have proposed an implementation of a generalized SSH model based on optomechanical arrays. This generalized SSH model supports two distinct nontrivial topological phases, and the transitions between different phases can be observed by tuning the strengths and phases of the effective optomechanical interactions. Dynamic control of the effective optomechanical interactions can be realized by tuning the strengths and phases of external driving lasers, which allows for dynamic control of the topological phase transitions. Moreover, four types of edge states can be generated in the generalized SSH model of an open chain under singleparticle excitation, and the dynamical behaviors of the excitation in the open chain depend on the topological properties under the periodic boundary condition. We show that the edge states can be pumped adiabatically along the optomechanical arrays by periodically modulating the amplitudes and frequencies of the driving fields. Our results can be applied to control the transport of photons and phonons, and the generalized SSH model based on the optomechanical arrays provides us a tunable platform to engineer topological phases for photons and phonons. 
